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This supplementary appendix derives the propositions in Kurokawa, Pang and Tang

(forthcoming) and the related lemmas. For convenience in reference, we briefly restate the

model and key conditions here. For country j = H,F , the period preference of the

infinitely lived representative consumer is

U jt =

(
Cjt

)1−ζ
1− ζ

− κ

(
Ljt

)1+γ
1 + γ

+ χh

(
M j
t

P jt

)
,

where

Cjt =

[(∫ 1

0
Cjt (i)

η−1
η di

) η
η−1

·ϵ

· Cjt (z)
1−ϵ

]
,

ζ, κ, γ, χ and η > 0 and 0 < ϵ < 1. The period budget constraint in each country is∫ 1

0
PHt (i)C

H
t (i) di+ PHt (z)CHt (z) +MH

t +
∑
st+1

qHt+1|tB
H
t+1

=WH
t L

H
t +MH

t−1 +BH
t +ΠHt + THt ,∫ 1

0
PFt (i)C

F
t (i) di+ PFt (z)CFt (z) +MF

t +
∑
st+1

qHt+1|tB
F
t+1/et

=WF
t L

F
t +MF

t−1 +BF
t /et +ΠFt + TFt .
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There is also a borrowing constraint in each country

BH
t+1 ≥ −PHt b̄H ,

BF
t+1/et ≥ −PFt b̄F .

Given the prices Pjt (i) and P
j
t (z), the minimization of the cost of Cjt yields the following

unit cost of Cjt , which we refer to as the price of Cjt

P jt =
[
ϵ−ϵ (1− ϵ)ϵ−1

] [∫ 1

0
(Pjt (i))

1−η di

] 1
1−η

ϵ (
P jt (z)

)1−ϵ
. (A.1)

Hence, the budget constraint in each country can be written as

PHt C
H
t +MH

t +
∑
st+1

qHt+1|tB
H
t+1 =WH

t L
H
t +MH

t−1 +BH
t +ΠHt + THt , (A.2)

PFt C
F
t +MF

t +
∑
st+1

qHt+1|tB
F
t+1/et =WF

t L
F
t +MF

t−1 +BF
t /et +ΠFt + TFt . (A.3)

The production technology for tradable and nontradable goods is

Y j
t (i) = Ajt (i)L

j
t (i) , (A.4)

Y j
t (z) = Ajt (z)L

j
t (z) , (A.5)

where Ajt (i) and A
j
t (z) are the stochastic productivities.

Under perfect competition, the domestic price of good i posted by the firms in

country j in the local currency is

P jt (i) =W j
t /A

j
t (i) ,

but the prevailing market prices that consumers in the home and foreign countries actually

pay are now given by

PHt (i) = min
{
PHt (i) , (1 + τ)PFt (i) et

}
, (A.6)

PFt (i) = min
{
(1 + τ)PHt (i) /et, P

F
t (i)

}
. (A.7)

2



The market for nontradable goods is also perfectly competitive. Consequently, the

local-currency price for the nontradable goods is

P jt (z) =W j
t /A

j
t (z) . (A.8)

The market clearing conditions are

LHt =

∫ kFt

0
LHt (i) di+ LHt (z) , (A.9)

LFt =

∫ 1

kHt

LFt (i) di+ LFt (z) , (A.10)

Y H
t (i) = CHt (i) + CFt (i) (1 + τ) ∀i < kHt , (A.11)

Y F
t (i) = CHt (i) (1 + τ) + CFt (i) ∀i > kFt , (A.12)

Y j
t (i) = Cjt (i) ∀kHt ≤ i ≤ kFt , (A.13)

Y j
t (z) = Cjt (z) , (A.14)

BH
t +BF

t = 0. (A.15)

For the consumer’s maximization problem, the first order conditions with respect to

Cjt (i), C
j
t (z), L

j
t , M

j
t , and B

j
t+1 are

(
Cjt

)1−ζ ϵ
(
Cjt (i)

)−1
η

∫ 1
0

(
Cjt (i)

) η−1
η
di

= Pjt (i)λ
j
t , (A.16)

(
Cjt

)1−ζ 1− ϵ

Cjt (z)
= P jt (z)λ

j
t , (A.17)

κ
(
Ljt

)γ
=W j

t λ
j
t , (A.18)

χh′
(
M j
t /P

j
t

)
P jt

= λjt − βEt

(
λjt+1

)
, (A.19)

βπt+1|tλ
H
t+1 = qHt+1|tλ

H
t , (A.20)

βπt+1|tλ
F
t+1/et+1 = qHt+1|tλ

F
t /et, (A.21)

where λjt is the Lagrange multiplier for the budget constraint, β is the time discount factor,
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Et(λ
j
t+1) =

∑
st+1

πt+1|tλ
j
t+1, and πt+1|t = πt+1/πt is the conditional probability of st+1

given st.

An equivalent approach is to maximize the utility of the home and foreign consumers

subject to the budget constraints (A.2) and (A.3), respectively. The first order condition

with respect to the aggregate consumption Cjt is(
Cjt

)−ζ
= P jt λ

j
t , (A.22)

while other first order conditions are identical.

As in Chari, Kehoe and McGrattan (2002), we use equations (A.20)-(A.22) to obtain

the equilibrium exchange rate as

et =
PHt

(
CHt
)ζ

PFt
(
CFt
)ζ δ = λFt

λHt
δ, (A.23)

where δ is a constant depending on the state of the economy in the initial period, and is

the marginal utility of consumption per the home currency in the home country relative

to that in the foreign country in the initial period.

A.1 Proofs of Proposition 1 and a related lemma

First, we prove a lemma useful for the proof of Proposition 1.

Lemma 1. The real exchange rate is

et
PFt
PHt

=

(
etW

F
t

WH
t

)1−ϵ(
AHt (z)

AFt (z)

)1−ϵ

Dt,

where

Dt =

∫ kHt0

(
(1 + τ)PHt (i)

)1−η
di+

∫ kFt
kHt

(
PFt (i) et

)1−η
di+

∫ 1
kFt

(
PFt (i) et

)1−η
di∫ kHt

0

(
PHt (i)

)1−η
di+

∫ kFt
kHt

(
PHt (i)

)1−η
di+

∫ 1
kFt

(
(1 + τ)PFt (i) et

)1−η
di


1

1−η
ϵ

.
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Proof: Substituting equation (A.1) into the definition of real exchange rate, we have

et
PFt
PHt

= et

(∫ 1
0 (PFt (i))

1−η di
) 1

1−η
ϵ

(∫ 1
0 (PHt (i))

1−η di
) 1

1−η
ϵ

(
PFt (z)

)1−ϵ(
PHt (z)

)1−ϵ .
Therefore, by using equations (A.6), (A.7), and (A.8), we can rewrite the expression for
the real exchange rate as

et
PF
t

PH
t

= et


∫ kH

t

0

(
(1+τ)PH

t (i)
et

)1−η

di+
∫ kF

t

kH
t

(
PF
t (i)

)1−η
di+

∫ 1

kF
t

(
PF
t (i)

)1−η
di∫ kH

t

0

(
PH
t (i)

)1−η
di+

∫ kF
t

kH
t

(
PH
t (i)

)1−η
di+

∫ 1

kF
t

(
(1 + τ)PF

t (i) et
)1−η

di


1

1−η ϵ (
WF

t

AF
t (z)

)1−ϵ

(
WH

t

AH
t (z)

)1−ϵ

= e1−ϵ
t

(
WF

t

WH
t

)1−ϵ(
AH

t (z)

AF
t (z)

)1−ϵ

×

∫ kH
t

0

(
(1 + τ)PH

t (i)
)1−η

di+
∫ kF

t

kH
t

(
PF
t (i) et

)1−η
di+

∫ 1

kF
t

(
PF
t (i) et

)1−η
di∫ kH

t

0

(
PH
t (i)

)1−η
di+

∫ kF
t

kH
t

(
PH
t (i)

)1−η
di+

∫ 1

kF
t

(
(1 + τ)PF

t (i) et
)1−η

di


1

1−η ϵ

.

(A.24)

Defining

Dt =

∫ kH
t

0

(
(1 + τ)PH

t (i)
)1−η

di+
∫ kF

t

kH
t

(
PF
t (i) et

)1−η
di+

∫ 1

kF
t

(
PF
t (i) et

)1−η
di∫ kH

t

0

(
PH
t (i)

)1−η
di+

∫ kF
t

kH
t

(
PH
t (i)

)1−η
di+

∫ 1

kF
t

(
(1 + τ)PF

t (i) et
)1−η

di


1

1−η ϵ

, (A.25)

we can rewrite equation (A.24) as

et
PFt
PHt

=

(
etW

F
t

WH
t

)1−ϵ(
AHt (z)

AFt (z)

)1−ϵ

Dt. (A.26)

Therefore, the real exchange rate is determined by the relative wage etW
F
t /W

H
t ,

productivities in nontradable goods, and the term Dt that can be viewed as the ratio of
the price index for tradable goods in the foreign country to that in the home country.
The presence of the term Dt is due to the trade costs τ . When τ is zero, Dt = 1. Note
that the relationship between Dt and τ can be complex, depending on the distribution
of tradable productivities in the two countries. For instance, for positive values of τ , if
distributions of tradable productivities in the two countries are mirror images to each
other (i.e., AHt (i) = AFt (1− i) for all i), then Dt is also 1. �
Proposition 1. The relationship between growth in home nominal wages and the foreign
counterpart is

WH
t

WH
t−1

=
WF
t

WF
t−1

(
et
et−1

) ϵ
ϵ−1
(

Dt

Dt−1

) 1
1−ϵ

(
PHt
PHt−1

PFt−1

PFt

) 1
1−ϵ AHt (z)

AHt−1 (z)

AFt−1 (z)

AFt (z)
. (A.27)
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Proof: Rewriting equation (A.26) in Lemma 1 yields an expression for WH
t

WH
t =WF

t e
ϵ

ϵ−1
t D

1
1−ϵ
t

(
PHt
PFt

) 1
1−ϵ AHt (z)

AFt (z)
.

We can immediately obtain (A.27) by dividing the above expression for WH
t by the cor-

responding expression for WH
t−1. �

A.2 Proofs of Proposition 2 and a related lemma

In order to derive Proposition 2 regarding nominal wage comovements, we first obtain
expressions for the marginal utilities of nominal wealth, λHt and λFt , as Lemma 2 under
assumptions (a) and (b1).

Lemma 2. Under assumptions (a) and (b1), the marginal utility of nominal wealth λjt is

λjt =
χψj

Mj
t

, where ψj is a constant.

Proof: From equation (A.19) and assumptions (a) and (b1), we have

λjt =
χ

M j
t

+ βEt

(
λjt+1

)
=

χ

M j
t

+ βEt

(
χ

M j
t+1

)
+ β2Et

[
Et+1

(
χ

M j
t+2

)]
+ β3Et

{
Et+1

[
Et+2

(
χ

M j
t+3

)]}
+ · · ·

=
χ

M j
t

1 +
β

1 + gj
Et

 1

exp
(
µjt+1

)
+

(
β

1 + gj

)2

Et

Et+1

 1

exp
(
µjt+1

)
exp

(
µjt+2

)


+

(
β

1 + gj

)3

Et

Et+1

Et+2

 1

exp
(
µjt+1

)
exp

(
µjt+2

)
exp

(
µjt+3

)
+ · · ·

 .

The whole term after χ/M j
t in the last equality is equal to a constant. Defining this

constant as ψj , we have

λjt =
χψj

M j
t

. (A.28)

�
Combined with equation (A.23), an immediate corollary of Lemma 2 is that

et =
MH
t

MF
t

δψF

ψH
. (A.29)
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Using assumption (b1) about monetary shocks, under a flexible exchange rate regime
the change in exchange rate is determined by

et
et−1

=

(
1 + gH

)
exp

(
µHt
)

(1 + gF ) exp
(
µFt
) . (A.30)

We now derive Proposition 2 regarding nominal wage comovements under different
exchange rate regimes.

Proposition 2. Under assumptions (a) and (c), nominal wage comovements between the
countries are more positive or less negative under the fixed exchange rate regime (assump-
tion (b2)), compared to the flexible exchange rate regime (assumption (b1)). To be specific,

corrFX

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]
− corrFL

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]
≥ 0,

where FX and FL denote the fixed and flexible exchange rate regimes, respectively. The
strict equality holds only when monetary shocks µHt and µFt are perfectly correlated.

Proof: The first order condition for labor supply, equation (A.18), implies that

W j
t

W j
t−1

=
λjt−1

λjt
·

(
Ljt

Ljt−1

)γ
. (A.31)

Dividing the home version of equation (A.31) with the foreign version, we obtain

WH
t

WH
t−1

=
WF
t

WF
t−1

et
et−1

(
LHt
LHt−1

LFt−1

LFt

)γ
.

Taking the log of the above equation gives

ln

(
WH
t

WH
t−1

)
= ln

(
WF
t

WF
t−1

)
+ ln

(
et
et−1

)
+ γln

(
LHt
LHt−1

LFt−1

LFt

)
. (A.32)

Using equation (A.28), the expression for marginal utility of nominal wealth in
Lemma 2, and assumption (b1) about money supplies, under the flexible exchange rate
regime equation (A.31) becomes

W j
t

W j
t−1

= (1 + gj)exp(µjt )

(
Ljt

Ljt−1

)γ
. (A.33)

Using equation (A.33) to replace ln
(
WF
t /W

F
t−1

)
and equation (A.30) to replace et/et−1

in equation (A.32), we obtain the expression for home wage growth under the flexible
exchange rate regime

ln

(
WH
t

WH
t−1

)
= ln(1 + gH) + µHt + γln

(
LHt
LHt−1

)
. (A.34)
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Similarly, we obtain the expression for foreign wage growth under the flexible ex-
change rate regime

ln

(
WF
t

WF
t−1

)
= ln(1 + gF ) + µFt + γln

(
LFt
LFt−1

)
, (A.35)

which also holds under the fixed exchange rate regime, because the term ln(1+gF )+µFt is
common under both regimes due to assumptions (b1) and (b2) and the real term LFt /L

F
t−1

is not affected by exchange rate regimes in our model with flexible prices and wages and
assumption (c).

Using equation (A.32) with et/et−1 = 1 and equation (A.35), we obtain the expres-
sion for home wage growth under the fixed exchange rate regime

ln

(
WH
t

WH
t−1

)
= ln(1 + gF ) + µFt + γln

(
LHt
LHt−1

)
. (A.36)

Thus under the fixed regime, the correlation of nominal wage growth rates is

corrFX

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]

=
cov

[
ln(1 + gF ) + µFt + γln

(
LH
t

LH
t−1

)
, ln(1 + gF ) + µFt + γln

(
LF
t

LF
t−1

)]
√
var

[
ln(1 + gF ) + µFt + γln

(
LH
t

LH
t−1

)]√
var

[
ln(1 + gF ) + µFt + γln

(
LF
t

LF
t−1

)]

=
var(µFt ) + cov

[
γln

(
LH
t

LH
t−1

)
, γln

(
LF
t

LF
t−1

)]
√
var(µFt ) + var

[
γln

(
LH
t

LH
t−1

)]√
var(µFt ) + var

[
γln

(
LF
t

LF
t−1

)] . (A.37)

The last equality follows because of the independence of real variables from monetary
shocks that is implied by assumption (c).

Similarly, under the flexible regime, the correlation of nominal wage growth rates is

corrFL

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]

=
cov

[
ln(1 + gH) + µHt + γln

(
LH
t

LH
t−1

)
, ln(1 + gF ) + µFt + γln

(
LF
t

LF
t−1

)]
√
var

[
ln(1 + gH) + µHt + γln

(
LH
t

LH
t−1

)]√
var

[
ln(1 + gF ) + µFt + γln

(
LF
t

LF
t−1

)]

=
cov(µHt , µ

F
t ) + cov

[
γln

(
LH
t

LH
t−1

)
, γln

(
LF
t

LF
t−1

)]
√
var(µFt ) + var

[
γln

(
LH
t

LH
t−1

)]√
var(µFt ) + var

[
γln

(
LF
t

LF
t−1

)] . (A.38)
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Note that in the last equality, we use assumption (b1), which states that the home and
foreign monetary shocks have the same marginal distributions.

Because var
(
µHt − µFt

)
≥ 0 implies

var
(
µHt
)
+ var

(
µFt
)
≥ 2 · cov

(
µHt , µ

F
t

)
,

or

var
(
µFt
)
≥ cov

(
µHt , µ

F
t

)
,

it follows that

corrFX

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]
− corrFL

[
ln

(
WH
t

WH
t−1

)
, ln

(
WF
t

WF
t−1

)]

=
var

(
µFt
)
− cov

(
µHt , µ

F
t

)√
var(µFt ) + var

[
γln

(
LH
t

LH
t−1

)]√
var(µFt ) + var

[
γln

(
LF
t

LF
t−1

)] ≥ 0,

where the strict equality holds only when µHt and µFt are perfectly correlated. �
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